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1 Introduction 



A number of problems of quantum optics is connected with investigation of 
model Hamiltonians given by Hermitian quadratic form of Bose operators: 



H =\ ^2\ A kia\a\ + A* kl a k ai + 2B k ia\a{\, 



(1) 
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[a k ,a]} = Ski, [a k ,ai] = [a\,a} 

For diagonalization of such quadratic Hamiltonians the canonical Bogolubov trans- 
formations [1] are used: 



m 



(2) 



i.e. the linear transformations of Bose operators, preserving the commutational 
relations of the algebra of Bose operators: 



[b k ,bj]=5 kl , [b k ,b l ] = HM 



t 



(3) 



In particular, the use of the general canonical Bogolubov transformations is neces- 
sary for the study of non-classical optical effects such as squeezing [2,3] (see also the 
survey [4]). In the case of a single mode, for the Hermitian quadrature operators 



Q = (^,P = B M_o), [Qp]= i_ 
we have the Heisenberg uncertainty relation for quantum fluctuations: 



(4) 



<[Q,P]> 



< (AQ) 2 >< ((AP) 2 >> 
The vacuum and coherent states give 

< (AQ) 2 >=< (AP) 2 >= 1 
i.e. they realize the minimum-uncertainty states with 
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(5) 



< (AQ) 2 >< (AP) 2 >= - 



(6) 



For squeezed states 

< (AQ) 2 >= ^exp(-2r), < (AP) 2 >= - exp(2r) (7) 

and they also realize the minimum-uncertainty states but if r 7^ then one of the 
qaudrature operators satisfies to the relation < (AX) 2 >< \ ( X = Q or X = P), 
i.e. the quantum fluctuations in one of the field quadrature can be below than the 
usual vacuum level. These squeezed states can be obtained with the use of the 
general one-mode canonical Bogolubov transformation: 

b = e %( ^ cosh r a + e 1 ^ sinh r a\ = e -1 ^ cosh r a" 1 " + e~ 1 ^ sinh r a (8) 

In this connection one needs an explicit form of the operators transforming the Fock 
states of Bose-fields a k to the corresponding Fock states of Bose-fields b k (for Bose- 
fields a k and bk connected by the Bogolubov transformation (2), (3)). First of all, it 
is necessary to know the operator of transformation for the corresponding vacuum 

states a k \0 >^= 0, b k \0 >W = 0, 1 < k < N, where |0 > (x) = Um=i 1° >&? • For 
one-mode case (a single Bose- field a) such unitary operator (so called "squeezed" 
operator) was found by Stoler [2] for the general one-mode canonical Bogolubov 
transformation (8). For two-mode case analogous "squeezed" operators was con- 
structed only for Bogolubov transformations of the very special form, as a matter of 
fact, only for the direct combination of one-mode Bogolubov transformations (after 
some elementary transformations of Bose-fields) [5,6], see also [4]. Meanwhile, for 
quantum optics the general two-mode case is also very important. Particularly, the 
model of polariton [7,8] corresponds to the more general case of two-mode quadratic 
Hamiltonian. In this paper we attempted to study the most general two-mode case. 
The explicit formulas connecting the general Bogolubov transformation with the 
corresponding unitary "squeezed" operator are very complicated but we present 
here the simple explicit form of the operator of transformation for the vacuum 
states for the most general two-mode Bogolubov transformation. 

Author is very grateful to Prof. A.S.Shumovsky for valuable discussions on the 
problems of quantum optics. 

2 General scheme for N-mode case 

We shall consider here the N-mode case of the usual operators of creation and 
annihilation for photons: 

a k \n >k= y/n\n - 1 > k , a\\n > k = y/n + l\n + 1 > k , a\a k \n > k = n\n > k 

Let be given an arbitrary unitary transformation of Bose operators a: 

b k = Ua k U^, (9) 
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where U(a,a jf ) is an unitary operator: W = U~ x , b\ = Ua\lJ^ . The transformation 
(9) preserve the commutational relations (3) for the algebra of Bose operators. The 
vacuum state of Bose-fields b is determined by the following formula: 

|0 > (6) = U\0 > (a) 

For arbitrary Fock states we have 

n >?>= n ^ I- ><^ 

fc=l fc=l v K) ! 

rr TT K) in ^(a)_ rrTT |„ 

fc=i V fc =i 

i.e. the unitary operator U is the operator of transformation for all Fock states 
after the unitary transformation (9) of Bose operators. 

Consider now an arbitrary Bogolubov transformation (2), (3). For the vacuum 
state of Bose-fields b we have: 

oo N 

io> (b) =E A ---n^>i a) ' ( io ) 

i s =0 k=l 

1 < s < N 

The condition 

b k \0 >(*)= 

gives recurrence formulas for the coefficients Xi lm ..i N : 

N 

^ (UkmXj 1 ...(i m + l)...i N \ / im + 1 + Vkrn\ 1 ..\i m -l)..A N \ /: hn) =0 (11) 
m=l 

For N = 1 and N = 2 these equations for A^...^ are completely solved in this 
paper for the corresponding general Bogolubov transformations (of course, the case 
N = 1 is very simple). After that if we know the operator So(a*) such that 

|0 ><*>= S o (a!)\0 >^ 

we can determine uniquely the corresponding unitary "squeezed" operator U by 
recurrence procedure from the necessary relations for all photon number Fock states: 

N N 

ni"* >f=^nK->i o> 

fc=l k=l 
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3 One-mode case 

First of all consider the simple one-mode case of the general Bogolubov trans- 
formation: 

b = ua + vo) , b^ = v*a + u*a) 
The condition [b, tf] = 1 gives uu* — vv* = 1, i.e. 

u = e 1 ^ cosh r, v = e 1 ^ sinh r 

For the vacuum state of Bose-field b we have: 



\0>^=J2^\i> (a \ (12) 



i=0 



and from the condition b\0 >^= we receive the simple recurrence formulas for 

A,: 

\ i+ iuV~i + 1 + Xi-ivVi = (13) 
It is easy to obtain the general solution of these recurrence equations (13): 

A 2t+1 = 0.A 2t = (-1)* (H) '^=fA„ (14) 



u 



Thus, 



|0>W = f;(-l)*H fc ^ 2 ^Zi) !! Ao|2fc>W 
^ V ' \uJ ,/72Ml! 1 



v \ k (at) 2A 

\k=0 



i.e. we receive the following formula for transformation of the vacuum states in the 
one-mode case: 

|0>( b )=Aoe-^^) 2 |0>^ (16) 
The corresponding unitary operator 

oo 

U = X J2 S k(a i )a\ (17) 

k=0 

where 

5 (at)=exp(-|-(at) 2 ), (18) 
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can be determined uniquely from relations 

\n >W= U\n > (a) 

which give the reccurence formulas for S n (a'): 

00 

(v*a + u*a^) n So(a^)\0 ><°> = S k (a!)a k (<J) n \0 > (a ) (19) 

fc=0 

For = we have the well-known unitary " squeezed" operator of Stoler [2] : 

U = exp [-(re'^a 2 - re^(a t ) 2 )] 
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4 Two-mode case 

Consider the general two-mode Bogolubov transformation: 
bi = u\ia\ + u\ 2 a 2 + v\\a\ + vi 2 a\, 

b 2 = 1*2101 + u 22 a 2 + v 2 ia{ + v 22 a\, 
b\ = v^ai + Vi 2 a 2 + it^aj + u* 12 a\, 

bl = v 21 a! + v 22 a 2 + u 21 a\ + u 22 al, (20) 
where the coefficients («y,t)y) must satisfy the relations: 

1) UuV 21 + u 12 v 22 - U 21 Vn - u 22 v 12 = 0, 

2) unu* 21 + u 12 u 22 - vnv 21 - v 12 v 22 = 0, 

3) unu* n + ui 2 u* 12 - vnvi! - v 12 v{ 2 = 1, 

4) u 21 u 21 + u 22 u 22 - v 21 v 21 - v 22 v 22 = 1, (21) 

in order to preserve the commutational relations (3) of the algebra of Bose operators. 
For the vacuum state of Bose-fields b we have the following representation: 

00 

|0> (b) = 52 >P \j >P (22) 

i,j=0 
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and from the conditions bk\0 >( b )= we can obtain the recurrence equations for 

A( i+ i) J wnv / iTT + A i ( i+ i)Wi2v / 7TT + \i-i)jVnVi + K(j-i)Vi2^/j = o, 



Xij-. 



\i+i)jU 2 i\ / i + 1 + K(j+i)U22\/j + 1 + \i-i)jV2iVi + Xi(j-i)V 2 2y/j = (23) 
Further we shall consider that 

Ai = unu 2 2 - u 12 u 2 i ^ 

The case Ai = is very simple and we shall not stop here on it. Let us introduce 
also for convenience the following notations: 



A 2 


= UuV 2 l 




A 3 


= «l 1^22 


- U2\V X 2 


A 4 


= U 2 2Vn 


- u 12 v 2 i 


A 5 


= U22V\2 


- U-12V22 



Now we can transform the system (23) to the form: 

\i( j+1 )A iy /j + 1 = -\( i - 1 ) j A 2 Vi - \i(j-i)A 3 >/j, 
\( i+1 ) j A 1 \/i+ 1 = -A( i _i) J A 4 v / i - Xi(j-i) A 5 a/7 



(24) 

The system (23) is compatible if and only if A2 = A5 but this is exactly the 
condition that [61, 62] = (see the relation 1) (21)), i.e. this relation is always valid 
for the canonical Bogolubov transformation. Under the unique condition A 2 = A 5 
we can obtain the general solution of the system (23): 

A(2fc)(2n+1) = A(2fc+l)(2n) = 0, 
A(2 fc )(2n) = (-l) ( " +fc) V(2W(2fe)ix 



E 



A J V2A! 



2Ai 



k — s 



1 



{n - s)\{k - s)\{2s)\ 



0<s<n;s<k 

A ( 2fc + i)(2„+i) = (-l) (n+fc+1) v / (2n + l)! v / (2^+l)!x 



A r 



E 

0<s<n;s<k 



A 2 \ 2s+1 f A 



A x 



n — s / a \ k — j i 



2Ai 



2Ai 



(n- s)\(k- s)\(2s + 1)! 



A (25) 
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Thus, for the vacuum state of Bose-fields b we have: 

|o>W= 



[\2k)(2n) \2k >[ a) \2n > { 2 a) +A (2fc+1)(2n+1) \2k + 1 >[ a) \2n + 1 >[ a) 

k,n 

or in the operator form: 

,,\ A 4 I t\2 A 2 t t A< i / t\2 , , 

|0 >( fe )= A e"^ (ai) -^ a i a 22^K) | >(a) (26) 

Thus, the operator 

S„(at) = exp (-^(a\) 2 - §M4 - ^(4) 2 ) |0 ><" (27) 

is the operator of transformation of the vacuum states for the most general two- 
mode Bogolubov transformations (20), (21). The corresponding unitary "squeezed" 
operator U can be determined now by recurrence procedure from the conditions 

| Til >i 1 77.2 >2 — U \ n l ^1 \ n 2 ^2 



References 



[1] N.N.Bogolubov, J.Phys.USSR 11(1947), 23 

[2] D.Stoler, Phys. Rev. D. 1(1970), 3217; D. 4(1971), 1925 

[3] H.P.Yuen, Phys.Rev. A. 13(1976),2226 

[4] R.Loudon, P.L.Knight, J.Modern Optics 34(1987), 709 

[5] G.J.Milburn, J.Phys. A. 17(1984), 737 

[6] C.M.Caves, B.L.Schumaker, Phys.Rev. D. 31(1985), 3068 

[7] A.S.Davydov, Theory of solid. Nauka, Moscow. 1971 

[8] A.V.Chizhov, R.G.Nazmitdinov, A.S.Shumovsky, Quant. Optics 3(1991), 1 



8 



